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Abstract 

In this paper we prove the existence of a periodic motion of a charge on a large class of 
manifolds under the action of the magnetic helds. Our methods also give a class of closed 
manifolds whose cotangent bundles contain no the closed exact Lagrangian submanifolds. 

MSG 1991: 58F05 58E05 



1 Introduction and results 
1.1 The question 

The periodic motion question of a charge on an Riemannian manifold {N,g) in the magnetic field( 
abbreviated to "PMMQ" below) is a very important and difficult question in the mathematics and 
physics([Arl][No]). It can be formulated as 

PMMQ. Looking for the nonconstant periodic solutions of Hamiltonian system 

on the energy level Ec = {Hg = c} with c > 0, where Hg : T*N ^ M is given by Hg{z) = ^||z||^ 
and is the Hamiltionian vector field of Hg with respect to the twisted symplectic form uj = 
^can + '^]\[^ on T*N, the closed 2-form Q on N corresponds to the magnetic field. 

In order to study it S.P.Novikov invented the variational principle of multi-valued function- 
als([No][GN][NT][T]), V.I.Arnold introduced the symplectic topology methods( [Ar2][Gil]). On 
the detailed arguments of the history and progress of this question before 1995 the readers may 
refer to Ginzburg's beautiful survey paper [Gil]. In addition, as showed by Example 3.7 in [Gil] 
or Example 4.2 in [Gi2] one cannot expect that the above question has always a solution. Thus it 
becomes very important to study some conditions under which the above question holds. 
^Partially supported by the NNSF 19501021 of China. 
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1.2 The symplectic topology methods 

A well-known question in symplectic geometry is Weinstein conjecture, which claims: every hyper- 
surface S of contact type in a symplectic manifold (Q, oj) carries at least a closed characteristic([W]). 
Here S is said to be of contact type if there exists a transversal vectorfield X defined on some open 
neighbrhood U of S such that LxuJ = a;([W]). It is not difficult to check that the energy level 
Ec = {Hg = cj above cannot be of contact type in the sense if the magnetic field $7 is not exact ( 
see Remark 1.6.A in §1.6 below). Thus PMMQ is different from the Weinstein conjecture in the 
symplectic manifold {T*N, Ucan + tt^O). Fortunately, motivated by the study of the latter Hofer 
and Zehnder introduced an important notion, Hofer-Zehnder symplectic capacity, which can not 
only be used to study the Weinstein conjecture but also PMMQ above. Let us first recall it. Given 
a symplectic manifold {Q, we denote by H{Q, oj) the subset of C°°{Q, M) consisting of all smooth 
functionas with the following properties: 

• There exists a compact subset K C Q \ dQ depending on H such that H\q\^x = 'rn{H), i.e. 
a constant; 

• There exists a nonempty open subset U depending on H such that H\u = 0; 

• < H{x) < m{H) for all x G Q. 

We shall call H G T~i{Q, lv) admissible( resp. C-admissible) if it has the property that all r-periodic( 
resp. contractible) solutions of i; = Xh{x) on Q having periods < T < 1 are constant solutions. 
Writting 'HadiQ,'^)i resp. Ti-cadiQ^^)) the sets of admissible ( resp. C-admissible) H G 7i{Q,u)), 
we define 

Chz{Q, w) = SMv{m{H) I H G Had{Q, ^)}, Chz{Q, w) = sup{m{H) \ H G HcadiQ, oj)}. 

Obviously, both arc symplectic invariants, and it always holds that Chz{Qt^) < Chz{Q^oj). Chz 
was first introduced in [Lul]. We still call it Hofer-Zehnder symplectic capacity. As proved by Hofer 
and Zehnder([HZ]) and strengthened by Struwe ([St]) if Chz{Q-,oj) < +oo then for any compact 
hypersurface S C Q and any embedding t : S x [0,1] ^ Q there exists a set J C [0, 1] of parameters 
of measure 1 such that for every s £ J the Hamiltonian flow on i(S x {s}) carries a periodic orbit. 
We have showed in [Lul] [Lu2] that the similar conclusion for Chz still holds. More precisely saying, 
if Chz{1'{S X [0, 1]), i^) is finite then for every parameter s in a set J of measure 1 the Hamiltonian 
fiow on i{S X {s}) carries a contractible (in i{S x {s}) ) periodic orbit since i{S x {s}) has the same 
homotopy type as i{S x [0, 1]). However there exists a difference between Chz and Chz- That is, 
it only satisfies the following monotonicity axiom of weaker form: 

For a symplectic embedding tp : (Mi,iOi) (M2,cj2) of codimension zero, if either Mi is simply 
connected or induces an infective homomorphism V'* : 7ri(Mi) — > 7r2(M2) then it holds that 

Chz{Mi,loi) < Chz{M2,UJ2). 
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Hence if we can prove that for a given c > there exists a sufficiently small number e > such 
that Chz{{c — e < Hg < c + e},oj) < +oo( resp. Chz{{c — e < if^ < c + e}, w) < +00) then for 
generic c' near c the level E^' carries a (resp. contractible in E^i ) nonconstant periodic orbit of 

1.3 Some recent results 

Before 1995, for the case of the nonexact magnetic field(i.e. Q a nonexact form) on the high 
dimension the general result is little. For the rational magnetic field, that is, a closed 2-form on 
N satisfying 

m{N, n) = mf{{[n],a) >0\ae 7r2(iV)} > 0, (1.1) 

which is called the rationality index of CI, we obtained a general result in Corollary E.2 of [Lul]. 
Precisely speaking, for any rational closed two-form f2 on a closed smooth manifold M and any 
Riemannian metric g on N := M x M/27rZ we proved that 

ChzHv e T*N I \\v\\g < C}, Wean + T^*n{P*1^)) < +^ 

for sufficiently small c > 0, where pi : N ^ M is the natural projection. This implies that there 
exists a nonconstant periodic orbit of Hamiltonian vector field on the energy level Ec for 
almost all (resp. sufficiently small) c > 0( in the sense of measure theory) if m{M, Q) = +00 (resp. 
< m{M,Q) < +00). For the periodic motions on the tours under the action of magnetic fields 
Q Mei-Yue Jiang proved that the generic levels of Hg carry a nonconstant periodic orbit provided 
that de Rham cohomology class [O] is rational ([Jl]). Recently, Ginzburg and Kerman removed 
the rationality assumption on [$7] in ([GiK]). It is very surprising that L. Polterovich used Hofer's 
geometry approach to show that if for any nonzero magnetic field J7 and Riemannian metric g 
on there exists a sequence of positive energy values = Ck{g,^) — such that every level 
{Hg = Cfe} carries a nonconstant contractible closed orbit([P2]). For the case of the exact magnetic 
field readers may refer to [Vi2] [BT]. 

1.4 The exact Lagrangian embedding and normal submanifolds 

Recall that a submanifold L of middle dimension in a symplectic manifold {Q,uj) is called normal 
if there is a field of Lagrangian subspaces along L which is transversal to L([Si]). In [PI] it was 
proved that each Lagrangian submanifold L, and those STibmanifolds which arc sufficiently C^-close 
to L, and each parallelizable totally real submanifold of Q with respect to some J G J{Q,ui) are 
all normal. 

Example 1.4. A. Every closed oricntablc 3- dimensional manifold is parallelizable totally real sub- 
manifold of C'^, and thus a normal submanifold in (C^,a;o). It should be noted that is such a 
manifold and satisfies: if^(S'^,M) = i7^(§'^,M) = 0, but it can not be embedded into (C'^,aJo) in 
the Lagrangian way because there is no any closed simply connected Lagrangian submanifold in 
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{C^,oJo). On the other hand, the necessary and sufficient condition of n-dimensional totally real 
closed submanifold in C" was obtained in [A]( also refer to [Th 3.2.4, ALP]). 

The following proposition is a key to proof of Theorem 1.5. A. We believe itself to have some 
independent importance. 

Proposition 1.4. B. Let L be a closed normal submanifold in a symplectic manifold {Q,a), and 
g a Riemannian metric on L. Assume that u is exact near L, i.e., a = dr for some one-form 
near L. Then for any c > there exists a < Sq{c) < 1 such that for every < 6 < Sq{c) we 
have a symplectic embedding of codimension zero Eg from {{Hg < c},a;^jj + 7r|,(c|L)) into {Q, |(t). 
Consequently, for some < Si < Sq and all < S < Si there also exists a symplectic embedding of 
codimension zero from {{Hg < c},uj^^^) into {Q, ^a). Moreover, for a given open neighborhood of 
L in Q we can require S > so small that the images of these symplectic embeddings are contained 
in this open neighborhood. 

Prom Gromov's striking theorem that there is no exact Lagrangian embedding of a closed man- 
ifold into (M^',a;o)([Gr]) we immediately obtain the following corollary. 

Corollary I.4.C. For any closed normal submanifold in a symplectic manifold (R^',a;o) there is 
no exact Lagrangian embedding of a closed manifold into T*L. 

Por more results on the generalization of Gromov theorem the readers may refer to [V2] [V3] . 

The monotonicity of the symplectic capacity directly leads to 
Corollary I.4.D. Let L be a closed normal submanifold in a symplectic manifold {Q,a). If there 
exists a neighborhood of L, U such that a is exact on it and {U, a) has finite symplectic capacity. 
Then for any Riemannian metric g on L and every c > the symplectic manifold {{Hg < c},oj^jJ 
has finite capacity. 

1.5 Main results 

The manifolds in our main results below will be the product manifold N = M x L of a closed 
smooth manifold M and a compact normal submanifold L without boundary of (R^',a;o). Denote 
hy Pm ■■ N ^ M is the natural projection to the second factor and by Pj^ : H'^{M; M) Hj^{N; M) 
the homomorphism between their second de Rham cohomology groups induced by it. We shall omit 
the subscript "de" in the de Rham cohomology groups below. Then P^{H'^{M,'M.)) is a subspace 
of H'^{N,W)). Similarily, for any differomorphism G Diff(A?^) we denote by 0* the induced 
isomorphism between H'^{N;R) and itself. We get a subset of H'^{N;M.) as follows 

U r{P*M{H'{M,R))). (1.2) 

0eDifr(Af) 

It seems to be strange. However, if if^(L,M) = and H^{L,'K) = it directly follows from the 
Kiinneth formula that H'^{N,'R) and i7^(M, M) is isomorphic. Thus in the case the set in (1.2) is 
equals to H'^{N,R). 

Our first result to PMMQ above is 



4 



Theorem 1.5. A. Let N = M x L be a closed smooth manifold M and a compact normal sub- 
manifold L without boundary of (M^',a;o) as above. U is a closed two-form on N whose de Rham 
cohomology class [O] belongs to the set in (1-2). IfQ\^^(^j^) = 0, then for every Riemannian metric 
g on N and c> it holds that 

CHz{{Hg < c},uj) < +00, 

where u := a;^^ + tt^JI. Consequently, for generic c > the level Ec = {Hg = c} carries a 
nonconstant periodic orbit ofXffg- Here is the Hamiltonian vector field determined by ixug^ — 
dHg . Specially, if L is simply connected we can also guarantee such generic levels Ec = {Hg = c} 
to carry a nonconstant periodic orbit with the contractible projection to N. 

Corollary I.5.B. If H'^{L,W) = and 7ri(M) is a finite group then for any Riemannian metric g 
and a closed 2- form ft on N with 0|jr2(Ar) =0 the generic level Ec = {Hg = c} carries a nonconstant 
periodic orbit ofXffg- 

If a submanifold L of (M^', uq) is Lagrangian, rather than normal Theorem 1.5.A can be strength- 
ened. The following is the second result to PMMQ. 

Theorem I.5.C. Let N = M x L be a product of a closed smooth manifold M and a closed 
Lagrangian submanifold L of (R^',a;o). ft is a rational closed two-form on N whose de Rham 
cohomology class belongs to the set in (1-2). Then for every Riemannian metric g on N there is 
an upper semi-continuous function : [0, +oo) — > [0, +00) ( see (3.13)) such that for every c > 
with rQ(c) < ^ymjN\n)jTr it holds that 

limmiCHz{U{g,c,e),u) < n{rl,{c)f < m{N,n), (1.3) 

where U{g,c,e) := {z G T*N \c — e < Hg (c) < c + e} . Consequently, for almost all c' > near c the 
level Ec' = {Hg = c.} carries a nonconstant periodic orbit of Xffg, where Xh^ is the Hamiltonian 
vector field of Hg with respect to the symplectic form u = uJcan + T^^fl- 
Remark I.5.D. In Corollary 1.5.C, if we denote by 

c{VL,g) := inf ||a||g, 
(0,Q,a) 

where ||Q!||g = sup^gjv ^/g{a{z), ct{z)) and the infimum is taken over all possible (0, CI, a) satisfying 
(2.8). Then when c{fl,,g) is small enough and m{N,fl) is large enough the inequality 

Tf,{c) < ^m{N,n)/n (1.4) 

always holds for sufficiently small c > 0. 

In fact, for any given sufficiently small e > we may choose {cf), a) such that ||a;||p < c{n, g)-\-£ 
and the image set of a( as a section) is contained in the image of T in (3.4). This is possible if 
c{fl,g) is small enough. Notice that in this case is a symplectomorphism from {T*N,uj) to 
the symplectic manifold in (3.3) with P£(Ao|l) = 0. Hence for sufficiently small c > the set 
&{{Hg = c}) is also contained in the image of T. Denote by 

r{c, g, e, T) := inf{r > | Pu[{TUmr' o e({i7, = c})] CUn F{Z^\r)), F G Symp(M2', a;o)}, 
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then when m(iV, J7) is so large that r{c,g,@,T) < ^m{N, n)/7r, or more general U C Z^\ro) for 
some < ro < ^/m{N, Cl)/Tr it holds that 



rUc)<^m{N,n)/7r. 

In some special cases we can get better results. For example, let L = = M/27rZ and CI a 
rational closed 2-form on TV = M x whose de Rham cohomology class belongs to the set in (1.2). 
For any Riemannian metric g on N we define the function : [0, +oo) — [0, +oo) by 



:= inf.@f5 s /_ win, (1-5) 



IPs{e(iUig,c,e))) 

where the infimum is taken over all pairs (O, Q) satisfying Lemma 2.3 and all e > 0. 

Our third result to PMMQ is given as follows. 
Theorem I.5.E. Under the above assumptions, if c> is such that ^q{c) < m{N,Q,) then 

limmiCHz{U{g,c,e),u;) < 7r(Hf^(c))2 < m{N,n), 

and therefore for almost all c' > near c the levels {Hg = cf} carries a nonconstant periodic orbit 
of Xffg , where Xffg is the Hamiltonian vector field of Xffg with respect to the symplectic form 
u = Wean + TT^^^. In addition, the function is upper semi-continuous, and also satisfies: 



(Ac) = AH^(c) Vc> 0, A > 0. (1.6) 



This result can be generalized to the case that L = T^. 
Corollary I.5.F. Let ft be a rational closed 2-form on N = M x whose de Rham cohomology 
class belongs to the set in (1-2). Then for any Riemannian metric g on N there exists a nonnegative 
upper semi-continuous function : [0, +oo) — ^ [0, +oo) such that for every c > with S^(c) < 
m{N, J7) and almost all c' > near c the levels {Hg = c'} carries a nonconstant periodic orbit 
of Xffg, where Xffg is the Hamiltonian vector field of Hg with respect to the symplectic form 
Lo = Wean + TT^^^- Specially, the function also satisfies 

Ei^iXc) = XEUc) VOO, A>0. 



With the method of the proof of Corollary 1.5.B and Theorems 1.5.C, 1.5.E we can easily arrive 
at the following corollary. 

Corollary I.5.G. In Theorem 1.5.C, 1.5.E, ifH^{L,R) = and TTiiM) is a finite group then for 
any Riemannian metric g and any rational closed 2-form ft on N the corresponding conclusions 
therein hold. 

Remark I.5.H. One may think that it is difficult to determine the values of Tq and in the 
Theorems and Corollaries above. But we affirm them to be finite numbers, and if = 
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then m{N, $7) = +00 and thus the conditions of these theorems are always satisfied in this case 
for all c > 0. On the other hand since the functions and are upper semi-continous the sets 
{c > 0|rQ(c) < \/m{N, fi)/7r} and {c > 0|E!q(c) < m(Ar, $7)} are open. Hence if they are not 
empty then there exist nonconstant periodic solutions on the levels {Hg = c} for all c in a positive 
measure set ([St]). On the another hand one may think that it is difficult to understand the meaning 
of functions Fq and S^. Our starting points are to attempt using a series of symplectic embeddings 
of codimension zero to reduce our question to the case for which Theorem 2.1 may be applied, and 
to guarantee each step being optimal so that Theorem 2.1 is best applied. Both functions are to 
characterize the optimization in the way of the quantity. If the rationality condition m(M, a;) > 
in Theorem 2.1 can be removed then our arguments show that the generic energy levels carry a 
nonconstant Hamiltonian periodic orbit. However, it is regrettable for us not to be able to remove 
this assumption yet. 

Our final result to PMMQ is about the case of tours T". Let O be a magnetic field (a closed 
2-form) on it, and a; = Wcan + TT^n^^. As pointed out in §1.3 one had known that for any metric g on 
T" generic levels Ec = {Hg = c} in {T*T"',lo) carries a nonconstant periodic orbit of ^^/^([GiK]). 
When n is not exact we can furthermore obtain 

Theorem 1.5.1. If n>2 and the de Rham cohomology class [U] is nonzero then for generic c > 
the levels Ec = {Hg = c} carries a nonconstant periodic orbit of Xffg whose projection to the base 
T" is contractible. 

1.6 Two remcirks 

Remark 1.6. A. For a given Riemannian metric g on N and c > we denote by 

:= {v G T*N\\\v\\g = c}. 

Let a closed two-form U on T*N be such that c^can + is a symplectic form on T*N. One may 
ask whether for sufficiently large c > the hypersuface is of contact type in the symplectic 
manifolds {T*N, Ucan + ^7)? If this holds then our partial results may be derived from one in [Vi2]. 
The following proposition answers this question. 

Proposition 1.6. IfU is not exact the hypersuface cannot be of contact type in the symplectic 
manifolds {T*N,ujc3ji + fi). 

Proof. Assume to be of contact type for Wcan + ^, then there exists a sufficiently small e > 
such that Wean + J7 is exact on U{g, c, e) := {v G T*N | c — e < < c + e}. Thus there is a 

one-form a on U{g,c, e) such that 

ft = da on U{g, c, e) 

because tJcan is always exact. Notice that ttat : T*N N induces a natural isomorphism vr^ : 
H*{N,R) H*{T*N,R) and 7r^([0|jv]) = [t^*n{^\n)] = M, we have 7r^(!7|iv) - ft = df3 for some 
one-form f3 on T*N. Hence 

7r^(0|Ar) = d(a + /3) on U{g,c,e) 
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Take a smooth section F : N ^ T*N of ttn such that F{N) C U{g, c, e)(e.g., F is the zero section) 
then as a smooth map from N to T*N it satisfies: 

F* o Tr*j^{n\N) = F*d{a + (5) = d{F*{a + /?)). 

But F* o 7r^(ri|Ar) = (ttjv o F)*{Q\n) and ttn o F = idN- Hence we get 

^l\N = d{F*{a + l3)). 

That is, OIat is a exact form on N . Denote by 7 := F*{a + 0). Then 

n = 7r;,(0|iv) -df3 = 7r^(d7) - d(5 = d{'K*j,^ - p), 

this leads to a contradiction. □ 

Remark I.6.B. Our results always deal with manifolds of product forms . These are due to the 
limitation of our methods. The following example shows that increasing a factor manifold in the 
base manifold will have a real influence on periodic orbits of magnetic fields. 

Let M be a compact surface equipped with a metric go of constant curvature K = —1 and 
Q the area form on M. Prom Example 3.7 in [Gil] we know that if c > 1 on the level Ec there 
are no closed characteristic with contractible projections with respect to the symplectic structure 
UM = d\M + T^*M^- Consider AT := M x and u = dXN + 7r^(p^fi). Here pu : AT — M is 
the natural projection. Notice that m(M, = +00. By Corollary 1.6.C, for any Riemannian 
metric gi and the product metric g = go x gi on N and generic c > the levels Ec := {Hg = c} 
carries a nontrivial closed characteristic with the contractible projection to N. On the other hand, 
Example 3.7 in [Gil] showed that for c > 1 the Hamiltonian flow of Xng^ with respect to lom on 
E^ := {Hg^ = c} has no any closed characteristic with contractible projections to M. Notice that 
E^ X O(S^) C Ec for the zero section of T*S^. 

Our arguments are the symplectic topology methods. In §2 we give some lemmas and prove 
Proposition 1.4. B. The proofs of all theorems and corollaries are given in §3. Pinally, some con- 
cluding remarks are given in §4. 

Acknowledgements This work was done under Professor Claude Viterbo's guidance while 
the author was visiting IHES. I would like to express my hearty thanks to him for his many valuable 
suggestions and often sending his preprints to me. I wish to acknowledge Professor J. Bourguignon 
for his invitation and hospitality. I also thank Professor L. Polterovich for his kind comments and 
detailed improving suggestions on the contents and writting style of this paper, and Professors V.I. 
Ginzburg and A. Taimanov for sending me many papers. 

2 Some lemmas and proof of Proposition 1.4.B 

Let us first recall the following theorem. 
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Theorem 2.1([Th C, Lul]). Let (M, w) be a strong geometrical bounded symplectic manifold with 
m{M,Lu) > 0. Ifre (0, ^/m{M, uj)/Tr) then 

Chz {M X Z^'^ir), CO® coo) <Trr\ (2.1) 

where ^^"(r) := {{xi,yi, • • • , x„, y„) G M^n \xl + yf< r^}. 

For Cifz this result was obtained in [FHV][HV] for M closed, and in [Ma] for {M,uj) = 
(r*Q,a;can). 

In view of our result mentioned in §1.3, a natural question is what conclusions one can get 
for a general closed two-form n on N rather than on M. It was Professor Claude Viterbo who 
asked whether for a given closed two-form on N there exist a closed two-form O on M and a 
* G Diff (r*Ar) such that 

a;can + 7r*N^ = ^'"(c^can + t^n{Pm^ + ^£(^o|l))) ? (2.2) 

This idea motivates the studies of this paper. 

The following lemma directly follows from the local coordinate arguments. 
Lemma 2.2. For any closed 2-form O and 1-form a on a manifold N the diffeomorphism "if : 
T*N ^T*N given by 

{m,v) 1-^ {m,v + a{m)) (2-3) 

satisfies: 

^*('^can + Tr*N^) = ^can + n*N^ + T^liido). (2.4) 

That is, is a symplectomorphism from {T*N,coi) to {T*N,u), where 

CO := ojcan + T^N^ and (Ji := Wean + vr^i^ + vrXr(<ia). (2.5) 



Lemma 2.3 Let N = M x L be as in Theorem 1.5. A. If the de Rham cohomology class [fi] of a 
given closed two-form Q on N belongs to the set in (1.2) then there exists a closed two-form Q, on 
M with 

m{N, n) = m{M, Q) (2.6) 
such that {T*N,co) is symplectomorphic to (T*N,cd), where Co is given by 

u) := Wean + t^*n{Pm^ + PH^^oIl))- (2.7) 

Specially, if H^ {L,R) = and either H^{M,M.) = or H^^L,"^) = then for every closed two-form 
Q on N the above conclusions hold. 

Proof. Since [Q] belongs to the set in (1.2) there exists a (/> € Diff(A^) such that [(p*^] = 
belongs to P^(//^(M, M)), and thus there must exist a closed two- form 0. on M and a one- form a 
on N such that 

- Pl[h = da. (2.8) 
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But such 0, J7 and a. may not be unique. Notice that ^ may hft to a symplectomorphism $ : 
(r*7V,a;can) ^ (T* TV, Wean) by the formula 

$(m, v) = {(pim), [d(j){m)-^]*{v)). (2.9) 

They satisfy that ttn o ^ = (f> o t^n :T*N ^ N and therfore 

$* o TT^r = TT^ o : n\N) n\T*N). 

By the definition of u in (2.5) we get 

$*a; = a;ea„ + tt^'P*^) = '^can + t^*n{Pm^) + d(TT*j^a) =Q + d(7r^(a - PUMl))) (2.10) 

because a;o = dXo is the standard symplectic form on R^^ By Lemma 2.2 there exists a diffeomor- 
phism ^ G Diff(r*A^) given by 

(m, v) ^{m,v + a{m) - P£(Ao|L)(m)) (2.11) 

such that ^'*tD = $*a) or (* o <l>"^)*u} = Then 

e = e(0,0,(/),a) := *o$-i (2.12) 

given by 

{m,v) ^ [(l)-\m),dcPim.y{v) + {a - Pl{Xo\Lm-'{m))) (2.13) 

is a symplectomorphicism from {T*N,co) to (T*iV, cD). As to (2.6), notice that Pm induces a 
surjective homomorphism P/v/^, : ■K2{N) 7r2(M) and that (f) induces an isomorphism 0* : tt2{N) — 
7r2{N), it may follow from (1.1) and the equalities 

m,P) = {{r'roci>*{m,i3) = {^*([n]),c'(/3)) 

The final claim is a direct consequence of Kiinneth formula because in this case Pm induces an 
isomorphism P^ : H'^{M,R) H^{N,R). Consequently, Lemma 2.3 holds. □ 

In order to prove Theorem 1.5. A we also need the following lemma, which perhaps goes back 
to the early work of Weinstein and Givental. 

Lemma 2.4(cf.[Pl, Prop.1.9] and [Si, Th. 2.4]). For a closed normal submanifold L in a symplectic 
manifold {Q, a) and the restriction a\L there exists an open neighbourhood U of L in Q and an 
embedding (p : U ^ T*L such that ip{L) coincides with the zero section ofT*L and <^*(tt^4,n + 

For a closed smooth manifold L of dimension I we choose an atals {{Ua,(x)} consisting of m 
local coordinate charts. We also require each a{Ua) to be equal to the unit ball centred at 
origin in R'. For q E Ua let a{q) = (xf (g), ■ ■ ■ ,xf{q)). It induces an obvious bundle trivialization 
$a :T*Ua^ X R' given by 

{q, V*) ^ (a;?(g), • • • , ^^(g); y?(g, v*),---, yfiq, v*)), 
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where yf (g, v*) are determined by v* o diTLiq, v*) = Yl''j=i y'jiQt v*)dx'j{q). The following lemma is 
very key to the proof of Theorem 1.5. A. 

Lemma 2.5. Let g be a Riemannian metric on L and A a l-form on L. Then for given positive 
numbers a and e < 1 there exist 6g > and a smooth function Ka^^^ ■ T*L — ^ [0, 1] such that 

(i) Ka,e{v*) = 1 for \\v*\\g < a, and Ka,e{v*) = for \\v*\\g > b^; 

(ii) for K^^^ := {^-^)*Ka,e iB^xR^^ [0, 1] and A° = {a~^)*\ = E'=i ^^fd^f it holds that 



(iii) Au}^^^ + Ad{'K*i^\) + t{l — A)d{Ka,^iT*]^\) are symplectic forms on T*L for every A > 1 and 
[-1,1]. 

Proof. Choose a smooth function 7 : [0, 00) [0, 1] such that (i) 'y{t) = 1 for t < 1, (ii) 7(t) = 
for t > 3, (iii) |7'(i)| < 1. For each e > we define 

laA*) ■= 7(£* + 1 - ae). 

Then 7a,e(t) = 1 for t < a, 7a,e(i) = for t > a + 2/e, and |7a^e(OI < ^ for all e > 0. Denote 
by Ha^e{{Q,v*)) = 7a,e(||i'* llg)- It is clearly smooth. Moreover, the local expression of it, H"^^ := 
{<^-^)*Ha,e, is given by 



H-,{x1,---,xf;yf,---,yr)=ja,e(^ 



\ 



Thus 



Denote by 



dH: 



Oy: 



Y.9?j{x'')yfy) 



\lT!i,j9?j{x'-)y?y\ 



(2.14) 



c(A) := max{|Af (x)| | x e a(Ua), i<i<l,i<a< m}. 
Notice that there exists a constant C{g) > such that 



E[j\9Uxn\\yf\ 

for all x"' G a{Ua) and and 1 < a < m. We get 



<Cig) 



^(a;-,y«)A?(x«)| < ^|^(x°,y") |Af (x")| < ec{\)C{g) 



t ^y? 



U\ dyf 



(2.15) 



for all G a.{Ua) and and 1 < a < m. Hence it suffices to choose £q = £o(e) > such that 

eoC{g)c{X) < e. 
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Then Ka,e := Ha,eo satisfies (i)(ii). 

As to (iii), note that Auj^^^ + Ad{'iT\\) + t{l — A)d{Ka,f^TTi^\) has the following local expression 

I I Q\<^ 

A ^ dxf A dyf + J2-^dxfA dx'}] + 

1=1 i,j * 

t{l - A) ^dxf A dxj + -g^X'^dxf A dx« - J: -g^Xfdxf A dyf 

I vCcc ecu 1 

whose matrix in the natural basis d/dxf, ■ ■ ■ d / dxf \ d / dyf , ■ ■ ■ d/dyf is 5 = [ ^ I . Here 

— Sj.y Syy J 

^yy — 0' ^xx = {o-ij) Sxy = AIi — t{l — A){hij). The matrix elements aij and hij are given by 



«« = ^(J|-||l+*(i-A) 



8A" aA?. 8H?,„,„ 



a 



(2.16) 



Notice that 5 is nonsingular if and only if Sxy is so. Assume that SxyC = for some vector 
( = (^1, in M'. Then it holds that 

AC = t{l - A){X-, . . . , AD* • • • , = t{l - A) -^Q) (A?, • • • , A^)^ 

It follows that C = B{Xf, Xff for some B eR. If C 7^ then it holds that 

By (ii) the absolute value of the right hand of (2.18) is less than e < 1, and the left hand of it is 
more than 2 for every A> \. This contradiction shows that S is nonsingular. □ 

Having this key lemma we can prove Proposition 1.4.B as follows. 
Proof of Proposition 1.4-B. Without loss of generality we may assume {Q, a) to be exact. By 
Lemma 2.4 there exists an open neighbourhood W of L in Q and an embedding (p lU ^ T*L such 
that ip{L) coincides with the zero section of T*L and (^*(w4,n + ^K'^Il)) = c- Applying Lemma 
2.5 to A = t\l, a = 2c and e = 1 we get a 6i > and a smooth function Ka,i. Let us take So{c) > 
so small that the diffeomorphism '■ T*L ^ T*L given by 

{m,v) i-^ {m, 5ov) (2-19) 

satisfies: 

^So{{Hg<2bi})Cip{U). (2.20) 
Notice that is a symplectomorphis from {{Hg < 26i},6<;4,n + ^H'^Il)) to 

{M{Hg < 26i}), ^u;L + 2.21) 
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for any < 6 < Sq. Denote by ujs,t ■= }^can+^d{TrlX)+t{l—^)d{Ka,iTr'lX) for every < 6 < Sq and 
t G [0, 1]. By Lemma 2.5 (iii) they are symplectic forms on T*L. Moreover, ujs,i and ^w4,n+7r|,(o'|L) 
are same on ^s{{Hg < 2c}). By the construction of uJs,t in lemma 2.5 we have 

^*^5,t = ]a + t{l - ^)d{^*{K:^,7rl{T\L))). (2.22) 

They arc all symplectic forms on U and equal to near dU. Let us denote by tos^t = + 
^)d{(p* {K^^^ttKtIl))) for t G [0, 1]. Since u)s,t ™ay naturally be extended onto symplectic forms on 
Q by assuming them being outside U we still denote them by u}s,t- Using Moser's technique one 
can show that there exists a diffeomorphism F G Diff(Q) such that 

F*{^a)=us,i. (2.23) 
Then the desired embedding Eg is given by the composition 

Fo<p-^o^s\{H,<c}- (2.24) 

The second claim follows from the first one and Lemma 2.2. For the third claim note that F 
may be identity outside U. □ 



3 Proof of the main results 

3.1 Proofs of Theorem 1.5. A and Corollary 1.5.B 

Proof of Theorem 1.5. A. Our idea of proof is to show that CHz{{Hg < c},io) is finite for any 
c > 0. For this purpose we first use Lemma 2.3 to get a symplectomorphism O from (T*N,lo) to 

{T*N,u)) = {T*M,cof,^ + 7r*Mn) x (T*L, a;^ + ^Ko^oIl))- (3.1) 

Here Q and J7 are given by (2.7) (2.8) respectively. Since the symplectic capacity is symplectic 
invariant we only need to prove that CnzHHg < c}, Q) is finite for all c > 0. Fix a c > and take 
the Riemannian metric gi on M and 52 on L. Then there exist positive numbers ci and C2 such 
that {zi e T*M I Hg^{zi) < ci} x {z2 G T*L \ -^92(^2) < C2} contains {Hg < c}. Therefore we only 
need to prove 

CHz{{Hg, < ci} X {Hg, < C2}, (a;,^, + vrl^Q) © {coi^ + 7r2(a;o|L))) < +00. (3.2) 

By Proposition 2.6 there exist a S > and a symplectic embedding of codimension zero Eg from 
{{z2 G T*L I Hg.,{z2) < C2},a;^jj + ttKlooIl)) into (R^', ^wq). We may assume the image of it to be 
contained in Z^\R) for some large R> since this image set is compact. Hence the monotonicity 
of the symplectic capacity implies that the left hand of (3.2) is less than 

Chz{{zi G T*M I Hg, < ci} X Z^\R), , {u^^^ + ^1,^) © ^cuq) 

< Cj^z(r*M X Z^\R), {oof^^ + 7r*Mn) © ^uq) 

< < +00. 
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Here in the final step we use Theorem 2.1 and fact that 

m{T*M, + TT^O) = m{M, h) = m{M, = +00. 

If L is simply connected it follows from the arguments above and remarks in [Lu2] that 
Chz{T*N,lo) < +00. This completes proof of Theorem I.5.A. □ 

Proof of Corollary I.5.B. Since tii{M) is a finite group we choose a simply connected finite cover 
QM : M ^ M. Denote by iV := M x L. Notice that H^{L,R) = 0. It directly follows from the 
Kiinneth formula that i/^(iV,M) and i/^(M,M) is isomorphic, and thus 

U ^ cl>*{P*~iH\M,R))) = H\N,R). 
</)eDiff(Ar) 

That is, the requirement that the de Rham cohomology class of the related closed 2-form belongs 
to the set in (1.2) corresponding to N can always be satisfied. 
Denote by qm '■= Qm 'X idi,, and 

Qm : T*N ^ T*N : {m,v) ^ (^mM, [dqM{m)-^]*{v)). 

For := q%[i^ it is easily checked that 

u:=u;S.^ + 7r*~h = Ql,{u;^,^ + 7r*r,n) and m{N,n) = miN,^). 

Applying Theorem 1.5. A to the symplectic manifold (T*iV,c<j^^ + t^*-^) and the pullback 
metric g := (f^fQ we may get a nonconstant Hamiltonian periodic orbit on the generic levels 
{z € T* N\Hg[z) = c} of which is the Hamiltonian vector field of H~ with respect to the 
symplectic form uo. Notice that the submersion Qm maps a nonconstant Hamiltonian periodic 
orbit of Xn-g on {z € T*N\Hg{z) = c} to a nonconstant one on {z G T*N\Hg{z) = c] of with 
respect to uj. Corollary 1.5.B is proved. □ 

3.2 Proof of Theorem 1.5. C 

The ideas are similar to that of Theorem 1.5. A. Since L is a closed Lagrangian submanifold of 
(R^',a;o) one can directly use Weinstein's Lagrangian neighborhood theorem to get a symplectic 
embedding (p : {U,loo) — {T*L,u>^^) with (p\l = id. Here U is an open neighborhood of L in 
M^'. As in the proof of Theorem 1.5. A we have a closed 2-form J7 on M determined by (2.8) and a 
symplectomorphism from {T*N,u) to 

{T*N, Q) := {T*M, u^, + tt^J^) x {T*L, u^J. (3.3) 

Moreover, we have also a symplectic embedding of codimension zero 

T : {T*M, u^, + TTljn) X {U, coo) ^ (T*M, a;,^„ + nl^n) x {T*L, u^J (3.4) 
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given by {zi,Z2) ^ {zi,(f{z2)), whose the image is an open neighborhood of zero section of T*N. 
For a given level Ec = {z e T*N\Hg{z) = c} with c > we can not guarantee that Q{Ec) 
is contained in the image of T because @ does not necessarily map the zero section to the zero 
section. But we can always take a (5 > so small that the diffeomorphism '^s '■ T*N T*N given 

by 

{m,v) = {{mi,m2),{vi,V2)) ^ {{mi,m2), {vi,dv2)), (3.5) 
maps Q{Ec) into Im(T). Let us denote by 

6 = 5{c,g,e,T) >0 (3.6) 

the supreme of all such 6 > 0. Then for every S G (0, S) it holds that 

^smEc)) C Im(T). (3.7) 

For such S, the composition (T|ijn(x))~^ o o 6 is a symplectic embedding of codimension zero 
from an open submanifold of {T*N,u;) containing Ec to 

{T*M, Lo^,^ + 7r*M^) X {U, (3.8) 

Denote by 

A(T,,^,e,5,c) :=Pj,[(T|i,„(x))-^ovI/5oe(i?e)], (3.9) 

where Pu : T*M x U ^ U is the natural projection. It is a compact subset of open set U and is 
contained inU Ci Z^\r) for some r > 0. Let us define 

r(<5,c,5,e,T) (3.10) 

the infimum of all r > such that 

A(T,,5,e,3,c) CWnF(z2'(r)) 

for some F G Symp(]R^^,a;o)}- We also define 

r(^,c,5,e,T)= \ni_r{5,c,g,Q,T)/^^5, (3.11) 
0<<5<5 

where Z'^\r) is as in Theorem 2.1, then we easily prove that < r(^, c,g, 0, T) < +cx) since W is a 
bounded open subset of M^'. Moreover, for each R > r{S, c, g, 6, T) there exists a F e Symp(M^', cjq) 
such that 

A{T, 6, e,g,c) CUr]F{Z^^{R)). 

Furthermore, we define 

r{c,g,n) :=Mr{S,c,g,@,T), (3.12) 

where the infimum is taken over all possible (O, T) satisfying the above arguments. Then the 
function 

: [0, +oo) [0, +oo), c r(c, g, n) (3.13) 
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will satisfy the requirements of Theorem I.5.C. To see these let c > such that 

r^c) < ^m{N,n)/7r. (3.14) 

Then by (3.12) (3.13) we have 

r{5, c, g, Q, T) < ^m{N,n)/7r (3.15) 
for some choice (0, T), and therefore from (3.11) it follows that there exists a (5 G (0, S) such that 

r{6, c, g, e, T) /Vd < m{N ,0.) /tt. (3.16) 

Let £ > satisfy 

(r((5, c, g, e, T) + £)/^^5 < ^Jm{N, n)/^. (3.17) 
Then by the definition of r{5^ c, g, 0, T) in (3.10) there exists a F e Symp(M^', wq) such that 

A(T, 6, Q,g,c)QUn F{Z^^ {r{5, c, g, e,T)+e)). 

Note that the left side is a compact subset and the right side is an open set. This implies that for 
sufficiently small e > 

PuiiVimiT))-' o *5 o @{U{g, c, e))] CUn F{Z^\r{5, c, g, 9, T) + a)). 

Hence T|ijn(T))~^ °^5° &{U{g, c, e)) is contained in T*M x U D F{Z^^{r{6, c, g, G, T) + e)). This 
implies that the map {id x F)~^ o (T|jjn(Y))~^ o o symplectically embeds {U{g,c,e),u;) into 

(r*M,u;,^, + 7r^J7) x {Z^\ri5,c, g,e,T) + e),uo/6). (3.18) 

Using Theorem 2.1 and the fact that (3.18) is symplectomorphic to 

{T*M, co^^^ + 7rl,n) X {Z^'{[r{6, c, g, Q, T) + e]/V6),LOo), (3.19) 

we obtain that 

CHziUig, c, e),iv)< 7r([r(5, c, g, G, T) + ej/V^f. 

Hence (3.17) gives 

\im infCHziU(g,c,€),Lu) < m(N,Q). 

e— »0+ 

The monotonicity of symplectic capacity Chz leads to (1.3) directly. 

Finally, we prove that the function is upper semi-continuous. To this goal we only need to 
prove that the function c i— > r{S, c, g, G, T) defined in (3.19) is upper semi-continuous. Fix a c > 
and a real number A > r{S, c, g, 0, T), we wish to prove that if t/ > is sufficiently close to c then 

X>r{S,c',g,e,T). 

Otherwise, assume that there exists a sequence of c„ > such that 

Cn ^ c {n ^ oo) and A < r((5, c„, 5, G, T). (3.20) 
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Taking sufficiently small e > such that 



X-2e>r{d,c,g,e,T), 

then by (3.10) we have 

A{T,6,e,g,Cn)<^UnF{Z^\X-e)), e Symp{R''^ ,iOo). 

On the other hand when n ^ oo the compact subsets A(T, 5, B, 5, c„) converges to the compact 
subset A{T,6,Q,g,c) in the Hausdorff metric (even stronger sense). Hence for every open neigh- 
borhood V of A(T, 5, Q,g,c) the sets A(T,5,Q,g,Cn) can be contained in V for sufficiently large 
n. If we understand the cyclindcr Z'^"'{r) in Theorem 2.1 as the open cyclindcr, then for any fixed 
F G Symp(M2',tc;o) the set U n F{Z'^\X - 2e)) is an open neighborhood of A(T, 5, G, g^ c) and thus 

A(T, 5, &,g,Cn)^Un F{Z^^{X - 2e)) 

for sufficiently large n. This shows that 

r{S,Cn,g,@,T) < A - 2e, 

which contradicts (3.20). 

By the problem F.(d) on the page 101 of [K] it is easy to know that the function c 
r(S,c,g,&,T) and thus c r{c,g,^) are upper semi-continous. The proof of Theorem 1.5.C 
is completed. □ 

Remark 3. 2. A Prom the proof of Theorem 1.5.C we may see that the condition Ol^^^^) = may 
be weakened to the case that m{N, Q,) is only finite positive number. We here do not pursue it. 

3.3 Proofs of Theorem 1.5.E and Corollary 1.5.F 

Proof of Theorem 1.5.E Let c > such that H^(c) < m{N, Q). For any e > satisfying Hf2(c) + 
2e < m{N, 0), by (1.5), we have (0, i1) and e > such that 



^can 



<mc)+e. (3.21) 

IPsieaU{9,c,e))) 

Since Ps{@{{U{g,c,e))) C x M and the symplectomorphisms on 2-dimensional symplectic man- 
ifolds are equivalient to the diffeomorphisms presvering area we may find a symplectic embedding 
F from Psie{{U{g,c,e))) into a disk of area ^^(c) -|- 2e centred at origin in M^. Then id x F 
symplcctically embeds {U{g,c,e),oj) into {T* M,u;^^ + Tr%[h) x {B'^,uo). Thus by Theorem 2.1 it 
holds that 

CHz{Uig,c,e),io) < El^{c) + 2e < miN,n). 
Using the same reason as in the proof of Theorem 1.5.C one can get conclusions. 
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In order to prove (1.6), we denote by 0^ and G^^ the corresponding symplectomorphisms to 
($7,0, a) and (AJ7, AO, Aa) constructed in (2.8) and (2.12) respectively, then it is easily checked 
that 

QUU{9,c,e)) = {{(^-\m),d(t>{mr{v)+a{r\m))) \ {m,v) e U{g,c,e)] , 
Q\%{U{g,\c,\e)) = {{(t>-\m),\[d(t>{my{v) + a{4>-\m))]) \ {m,v) & U{g,c,€)} 



and thus 



/Ps(e^J^(C/(5,Ac,Ae))) " " JPs{e{U{g,c,e))) 

This can lead to (1.6). The upper semi-continousity of the function may be proved similarily 
as in Theorem I.5.C. □ 

Proof of Corollary 1.5.F Under the assumptions of Corollary 1.5.F we have a closed two-form 
Oi on M with m{N,n) = m(M,Oi) and a diffeomorphism 01 e Dm{T*N) such that lo = efwi, 
where 

i^i := a;can + 7r^(-fM^^i). 

Writting M := MxT""^ and N = MxS\ it is easily checked that the closed two-form O2 := Pm^i 
on N satisfies the requirements of Theorem I.5.E. For cDi = Wcan + t^n^^ can obtain a closed 
two-form O3 on M and a diffeomorphism 02 G Diff(r*Ar) such that ©2^1)2 = where 

Denote by = 61 o 02 and set 

^n(c):=mf(0,n„n„e) '^-n , (3.22) 



Ps{e{{U{g,c,e))) 



where the infimum is taken over all triples (0, 01,^2) satisfying the above arguments and all e > 0. 
Then it is easily proved that for every c > 

^Um CHz{U{g, c, e), a;) < Ef,{c) < m{N, n) (3.23) 

if 'Efiic) < m{N,^), where we use that m{N,Q) = m(M, Oi) = m(M, SI2). Specially, similar to 
the proof of (1.6) in Theorem 1.5.E Ef^ also satisfies: 

Ei^iXc) = XEUc). (3.24) 

for all A > and c > 0. The proof is completed. □ 



3.4 Proof of Theorem 1.5.1 

Case 1. n > 2. 

Notice that T*T^ = T" x R". We may denote by (xi, • • • , x„; yi, • • • , y^) the coordinate in 
it. For the sake of clearness we give some reductions, which are, either more or less, contained in 
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[Gil] [GiK] [J2] . Since [dxiAdxj]{ 1 < i < j < n) form a basis of vector space H^^{T'";R), and every 
closed two-form Cl on T" must have the following form: 

O = ^ qij{x)dxi A dxj, 

where the smooth function qij{x) = —qji{x) are 1-periodic for each variable Xj. Prom them it 
follows that there exist constants Cij such that 

[Cl] = ^ Cij [dxi A dxj] . 

i<j 

In fact Cij = Jrpn qij{x). Setting bij = ^Cij then there exists a 1-form a on T" such that 

Cl = ^ bijdxi A dxj + da. 

Moreover, [Jl] 7^ if and only if there at least exists a hij / 0. We may write a as 

n 

a = ^ai{x)dxi, 

i=l 

where the smooth functions ai{x) are 1-periodic for each variable Xj. It is easy to see that the 
transformation ^ : xM" — xM" : (x, y) 1— (X, Y) = (x, y—a{x)) is a symplectmorphism from 
(T" X R", w) to (T" X R", Er=i f^^i A dFi + Ei j ^ij^^^i A dX^), where uj := Er=i A dy^ + Now 
there at least exists a hij ^ 0. It is this condition which leads to one to be able prove that (r"xM"', a;) 
is symplectomorphic to the product (R^'^ x Wi, cjq ©cr) with k > l([GiK]), where uq is the standard 
symplectic form on R^'^ and cr is a translation-invariant symplectic form on Wi = R""^'^ x T" . 
Note that here the assumption n > 2 is used. Let us denote the symplectomorphism by 0. For a 
given metric g on and c > we also denote by 

Uc = {{x,y)er'xW'\g{x){y,y)<c% 

then there exists a rc > such that 

<P{U,) CW,X (rj. 
Denote by Vc = Wi x B'^^(rc) and the inclusion maps 



T" X 



!>2k 



X 



h{Uc)Vc '■ (PiUc) ^ Vc, IVc ■ Vc 

We have the following commutative diagram: 

T" X R" ^ 



r,2k 



X Wi. 



t2k 



X Wi 



I 



u. 



<f>\ 



Uc 



<t>{Uc) 

m 
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Then the induced homomorphisms among their first homotopy groups satisfy: 

Since 0*, Z;/^* and {(t)\uc)* isomorphisms the homomorphism I^ijj^)^^ is also an isomorphism. 

But I^i^Uc) = ° hiUcWo- We get that I^(^Uc)* = ^Vc* ° I(l>(Uc)Vo*- This imphes that Icj>{Uc)Vc* '■ 
Tri{(f){Uc)) — >• 7ri(V^) must be injective. Using Theorem 2.1 and the weak monotonicity of Chz we 
have: 

Chz{Uc,<^) < Chz{Vc,u;o ® a) < CHz{B'"'{rc) x Wi,coo ® a) < nrl 

Hence, for generic c > the level Ec carries a nonconstant periodic orbit z = z(t) of X^jg, which 
is contractiblc in Uc- Since the fibre projection from Uc to T" induces an isomorphism tti(Uc) 
7ri(T") the projection oi z = z{t) to the base T"- is contractible. This leads to our claim. 
Case 2. n = 2. 

Denote by (Jq the standard symplcctic form on T^. Since [0] ^ there exists a constant cg 7^ 
such that [Jl] = Co [do]. In particular, Moscr theorem shows that (T'^,Q) is symplectomorphic to 
(T^, cocJo)- Notice that there exists a symplcctomorphism from {T*T'^, uj) to (T^ x M^, JlScuo) which 
maps the zero section to x {0} for the standard symplcctic form ooq on M^. They together must 
induce such a symplcctomorphism ^' from {T*T'^,uj) to (T^ x M^, (cocjo) © Wo)- Now for any Uc as 
above there exists a rc > such that ^(Uc) C T'^x B'^(rc). It is easily checked that ^' also induces an 
injective map : tti{Uc) 7ri{T^ x B^{rc)). Hence Chz{Uc,u}) < Chz{T^ x B^{rc), (coo-o)®a;o) < 
Trr^. This leads to the conclusion again. □ 



4 The concluding remarks 

Our methods can actually be used to deal with a more general question than PMMQ above. 
Definition 4.1. A smooth, bounded from below functiom H : M is called strong proper if 
the sublevel {z £ M \ H{z) < c} is compact for every c € Im(i7). 

Clearly, Hg is a strong proper on r*A'^. Let H : T*N — > M a strong proper function and 

W := Wean + ^ (4.1) 

is a symplectic form on T*N, where J7 is a closed 2-form on T*N. One may ask the following more 
general question: 

Question 4.2. Does the Hamiltonian flow of H with respect to the symplectic form in (4.1) has 
a nonconstant periodic orbit on the level {H = c} for every c G Im(i?)? 

The proof of Theorem 1.5. A can suitably be modified to show 
Theorem 4.3 Let N = M x L be in Theorem 1.5. A. Suppose that a closed two-form O on T*N 
such that 

(i) the 2-form lo := Wcan + ^ is a symplectic form on T*N and i^|,r2(T*Af) = 0/ 
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(ii) there is aAE Symp(T*A/",a;can) such that [{A*^)\n] belongs to the set in (1-2), and {T*N,u!ca,n+ 
.4*0) is symplectomorphic to {T*N,LOca,n + T^N{iA*^)\N))- 

Then for every strong proper smooth function H : T*N M and every c G lm.{H) it holds that 

Chz{{H < c},uj) < +00. 

Consequently, for almost all c £ Iin{H) the levels {H = c} carries a nonconstant periodic orbit of 
Xff, where Xjj is contraction by ixn^ — dH. Furthermore, if L is simply connected, and an regular 
value Co G lm{H) is such that the inclusion {H < cq} ^ T*N induces an infective homomorphism 
T^i{{H < Cq}) TTi{T*N) then for generic c near cq the levels {H = c} carries a nonconstant 
periodic orbit of Xh with the contractible projection to N. 

For other theorems and corollaries in this paper similar results may also be obtained. We omit 
them. 

Remark 4.4. One may feel that checking the condition (ii) in Theorem 4.3 is difficult. But under 
some cases the first claim of it implies the second one. In fact, since Tr^v : T*N N induces an 
isomorphism tt^ : H'^{N,R) H^{T*N,R) we have [A*n] = [■jr%{{A*n)\N)], and thus 

A*n - Tr*pfi{A*i})\N) = da 

for some one-form a on T*N. Using Moser's technique one can prove that if all two-forms 

Wean + 7t*n{{A*^1)\n) + tda, < t < 1, 

are symplectic forms, and a satisfies some conditions( for example, the norm \a\ with respect to 
some complete metric on T*N is bounded), then the second claim in (ii) may be satisfied. 
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